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ABSTRACT
Following the achievement of a man made vehicle attaining hypersonic speeds in the late 1940’s,
hypersonic flow quickly became a field great interest. Early on, in the 50’s and 60’s, analytic
methods for hypersonic flow were developed by early pioneers of the field, but by the late 60’s and
into the 70’s these methods began to be overshadowed by CFD methods. By this time CFD had
become sufficiently powerful and commercially available such that they became the more attractive
option and have since become the dominate method of study for high mach flows. Though the
power and effectiveness of CFD has only grown with time the demand for computer resources
has grown even more so and flow phenomena of interest has become increasingly computationally
expensive.
Herein is presented a reduced order model of hypersonic flow that can aid in determining
approximate effects of high Mach flow over a variety of wall geometries. A steady, 2D laminar,
hypersonic flow is analyzed over a variety of wall geometries (flat plate, compression ramp, semicircle
and sinusoidal protrusions) for a range of hypersonic interaction parameter χ values, assuming a
perfect gas with no real or high-temperature gas effects. Though it is assumed that an attached
shock is formed at the leading edge, only the boundary layer edge and underlying viscous layer
are considered as the tangent wedge approximation is used to determine the prescribed pressure
on the boundary layer, rather than determining the full inviscid layer between the shock wave and
boundary layer edge. The flow within this viscous boundary layer is computed via a downstream
marching method with multiple sweeps in order to achieve convergence of the pressure and boundary
layer thickness. Assuming a Prandtl number of unity and an insulated wall, the flow is held to
be adiabatic in all cases. Results are compared to CFD solutions of the parabolized Navier-Stokes
equations. The behavior of wall pressure, boundary layer, and other flow variables are analyzed.
xv
Additionally, the shear stress and pressure gradient on the various geometries are examined to




Following the achievement of a man made vehicle attaining hypersonic speeds in the late 1940’s,
hypersonic flow quickly became a field great interest. Early on, in the 50’s and 60’s, analytic
methods for hypersonic flow were developed by early pioneers of the field, but by the late 60’s and
into the 70’s these methods began to be overshadowed by CFD methods. By this time CFD had
become sufficiently powerful and commercially available such that they became the more attractive
option and have since become the dominate method of study for high Mach flows.
Though the power and effectiveness of CFD has only grown with time the demand for com-
puter resources has grown even more so and flow phenomena of interest has become increasingly
computationally expensive to study. To deal with this issue revisiting analytical methods mat hold
promise in better utilizing computation resources in determining some flow phenomena, especially
in complex regimes such as hypersonic flow.
1.2 Objectives
This work aims to use asymptotic analysis of hypersonic boundary layer flow to determine the
effects on the flow behavior due to the geometry of the wall. The use of this reduced order model
is to approximate flow phenomena predicted in CFD solutions while utilizing less computational
resources.
1.3 Structure
In Chapter 1 is given an overview of the present work and its goals.
In Chapter 2 is a review of the previous work done on analytical solutions of hypersonic flow,
focusing most on flat plates with sharp leading edges.
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In Chapter 3 is discussed the fundamental math and the methods used. The equations of
motion are non-dimensionalized and linearized. The computational downstream marching method
with multiple downstream sweeps and solution convergence is described.
In Chapter 4 is discussed the results gained from the methods described in Chapter 3. The
results are compared with CFD solutions for compression ramps. The effects of various deformations
of the flow are then examined.
In Chapter 5 is a review of the findings of this work. The work as a whole is briefly summarized.
Some of the strengths and weaknesses of the analytical method are commented on and future works
briefly mentioned.
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CHAPTER 2. REVIEW OF LITERATURE
A review of this works fundamental literature is presented highlighting the core concepts this
work draws from, namely analytical approaches to hypersonic flow, the hypersonic similarity solu-
tion, and the computation method used.
2.1 Previous Work
Lees, L., and Probstein, R. F. (1952) were the first to characterize the viscous interaction
between the inviscid and viscous layers. The classical definition of this is the hypersonic interaction








Hayes, W. D. and Probstein, R. F. (1959), in part of their work on hypersonic viscous flow,
discuss the tangent wedge approximation as part of their exploration of approximate inviscid flow
methods. In essence, for two-dimensional flow the pressure on a surface at any point along a body
can be taken to be equal to the pressure on a wedge with a half angle equal to the local inclination















Based on the constancy of both pressure and flow inclination across the shock layer this method is
as it’s best on flat plate geometry and compression ramps with moderate angles of attack. In flows
with strong viscous interaction Equation 2.2 can be rewritten in terms of the hypersonic interaction
parameter χ (slightly different from χc and further explained in Section 3.2.2) and, by treating the
viscous boundary layer as a solid body, the slope of the boundary layer edge (dδ∗/dx∗).
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White, F. M. (2005) confirms and expands on many of the subjects covered by Hayes, W. D.
and Probstein, R. F. (1959), further elaboration and in some cases more concretely explaining
hypersonic boundary layers, such as the validity of the tangent wedge for compression ramps under
20◦. Additionally, while certainly not the first, White, F. M. (2005) gives a good account and
summarization of compressible hypersonic similarity solutions. He notes that when compressibility
is considered a single similarity variable η is no longer viable due to the presence of variable density
and viscosity, thus necessitating a second similarity variable ξ.
The analysis done by Khorrami, A. F. and Smith, F. T. (1994) and the computational methods
developed by Khorrami, A. F. (1991) serve as the practical foundation for the present work.
Khorrami, A. F. and Smith, F. T. (1994) conducted a shock and boundary layer analysis of
the steady 2D hypersonic laminar flow using an asymptotic analysis of the flow variables at the
boundary layer edge. The aforementioned methods from Khorrami, A. F. (1991) are used as a
basis for the adiabatic flow conditions presented here.
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CHAPTER 3. MATHEMATICAL MODEL AND COMPUTATIONAL
PROCEDURES
3.1 Introduction
In this chapter the equations of motion and other relevant equations are presented. The equa-
tions are non-dimensionalized and the similarity solution implemented. The linearization process




At its most basic configuration, a steady 2D hypersonic free stream flows over an insulated flat
plate with a sharp leading edge such that the shock wave is attached at the leading edge. The
regions formed underneath the shock wave are, as sketched out in Figure 3.1, defined as the viscous
layer (VL), situated between the wall and boundary layer edge, and inviscid layer (IL), between
the boundary layer edge and the shock wave.
The VL is governed by the Prandtl Boundary-Layer equations. Equations 3.1 – 3.4 are, respec-
tively, the continuity, streamwise momentum, transverse momentum, and energy equations, where

























































Similarly, the IL is governed by the Euler Equations. Equations 3.5 – 3.8 are, respectively, the












































In addition to the equations of motion, assuming a perfect gas with a specific heat ratio γ = 1.4 for
air, Equations 3.9 – 3.11 are the ideal gas law, total enthalpy equation, and the linear temperature-
viscosity law.
















The ideal gas and total enthalpy equations are valid through both layers and the temperature-
viscosity law, called the Chapman-Rubesin Law, where C is the Chapman-Rubesin constant and
is here taken to be unity, is valid the VL.
For each layer there are two sets of boundary conditions required. At the wall, the no slip
condition is imposed, shown in Equation 3.12, and since the wall is insulated, according to the
Fourier heat conduction law, q∗ = −k ∂T ∗∂y∗ , Equation 3.13 shows the necessary condition at the wall.







At the boundary layer edge in the VL, Equation 3.14 shows the velocity boundary conditions.
Through Equations 3.10 and 3.14, Equation 3.15 shows the enthalpy boundary condtion.










Due to the scaling of the density (covered in 3.2.2) at the boundary layer tending towards infinity,
p∗
ρ∗ will approach zero near the boundary layer edge.
Again at the boundary layer, but this time in the IL, the boundary condition imposed is simply


























































where β is the shock angle.
3.2.2 Non-dimensionalizations
Near the leading edge there is a region of strong viscous interaction (see Figure 3.1) which
comes from the viscous and inviscid layer affecting one another in a feedback loop. Essentially,
with the large growth of the boundary layer, the IL is deflected upwards and this deflection will
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then further affect the boundary layer growth. The hypersonic interaction parameter that governs












where Re∞ is the Reynold’s number based on the freestream and reference length, L
∗ (the horizontal
length of the plate).
The first order asymptotic expansions of the flow variables are determined using the small per-
turbation parameter and free stream Mach number. The non-dimensional expressions are tabulated
in Table 3.1.
Table 3.1 Viscous and Inviscid Layer Nondimensionalizations
ND VL IL ND VL IL






















u(x, y) 1 + ε2u(x, y) T
∗
T ∗∞




εv(x, y) εv(x, y) H
∗
U∗2∞
H(x, y) 12 + ε
2H(x, y)
Substituting the expressions into the equations of motions, Equations 3.23 – 3.26 are the first order
























































Equations 3.27 – 3.30 are the first order non-dimensional inviscid continuity, streamwise momentum,









































At the wall, the boundary conditions remain the same (Equations 3.31 and 3.32).







At the boundary layer edge, in the viscous layer, the velocity boundary conditions change to
Equation 3.33, and the total enthalpy to Equation 3.34.









In the inviscid layer, the boundary conditions remain the same at the boundary layer edge as they














































where g(x) is the shock layer thickness and χ3(dg/dx)2 = M2∞sin
2(β) through the small angle
approximation.
Equations 3.39 – 3.41 are the ideal gas, total enthalpy, and linear temperature-viscosity law
that appear in the VL.










µ = γCT. (3.41)
In the IL Equation 3.39 remains the same, but the total enthalpy takes on a slightly different form,












Another option for non-dimensionalizing the equations of motion is to treat the plate as semi-
infinite in length. This allows the scaling to be chosen such that the VL and the IL become
independent of the hypersonic interaction parameter and the freestream Mach number. Those
scalings are presented in Table 3.2.
Table 3.2 Semi-Infinite Plate Viscous and Inviscid Layer Nondimensionalizations
ND VL IL ND VL IL






































Using these non-dimensionalizations the resulting equations of motions are the same as those
listed above. The immediate appeal of these scalings is the independence of the solution from χ
and M∞. The issue comes in the practical computation as using these scaling, even though it is
independent of χ the computation is functionally equivalent to the case of χ = 1. The reason this is
cause for concern is, as will be shown later, the method presented here is not as accurate at χ = 1,
as this method is best used at higher χ.
3.2.4 Similarity Solution
Near the leading edge of the plate where the interaction between the VL and the IL is strong
it assumed that the shock wave behaves as y = g ∝ xn, where n is unknown. Through inviscid
and viscous layer arguments, more fully explored by Khorrami, A. F. (1991) and Stewartson,
K. (1964), it’s determined that the shock wave grows proportional to the downstream distance
like x3/4. From this result the downstream behavior of the non-dimensional flow variables can be
13
determined in both layers. From this behavior the similarity solution can in turn be determined
and used to solve the equations of motion, seen in Section 3.3.1 and tabulated in Table 3.3.
3.2.5 Tangent Wedge
The tangent wedge approximation states that the surface pressure along a body at any point
is equal to the pressure on a wedge with a half angle equal to the local angle of the slope on said
body. This method gives a good approximation of the pressure on the boundary layer and thus
also the pressure through the layer. However, it doesn’t give any information of the flow in the IL.
















Equation 3.43 gives an expression for pressure in terms of the boundary layer slope, where K is the
hypersonic similarity parameter. Non-dimensionalizing using Table 3.1, the boundary layer slope




















3.3.1 Coordinate Change and Similar Solutions
In the VL the (x, y) coordinate is transformed into the (ξ, η) coordinate system such that,
ξ = x, 0 ≤ ξ ≤ 1 & η = y − r(x)
δ(x)− r(x)
, 0 ≤ η ≤ 1, (3.46)
where r(x) is the function describing the shape of the plate. Similarly, in the IL the (x, y) coordinate
is transformed into the (ξ, η) coordinate system such that,
ξ = x, 0 ≤ ξ ≤ 1 & η = y − δ(x)
g(x)− δ(x)
, 0 ≤ η ≤ 1. (3.47)
This turns the curved boundary layer and shock layer into straight lines, illustrated in Figure 3.3.
Using their downstream behavior the flow variables in each layer acquire a similarity form,
tabulated in Table 3.3.
Applying the respective coordinate changes and similarity solution representations, Equations 3.48








































− 2C3δ̄2p̄ = 0 (3.49)
The transverse momentum equation is here dropped since pressure is constant in the transverse
direction and energy equation is dropped since it is reduced to zero in the present case. Essentially,
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Figure 3.3 Illustration of viscous layer (ξ, η) coordinate space.
as explained in White, F. M. (2005), with Pr = 1 in hypersonic flow over an insulated wall, the
viscous dissipation and heat conduction are everywhere in the VL perfectly balanced such that the
total enthalpy remains constant throughout. Thus, for this particular flow, the energy equation in
terms of the enthalpy H is reduced to zero.
The full IL equations of motion are non-linear PDEs, but in this work they are only used in
evaluation of the IL at the leading edge. At the leading edge, with ξ → 0, the PDEs reduce to
simpler non-linear ODEs. Noting that δ̄ and ḡ at the leading edge are each unity, Equations 3.50
– 3.52 are, respectively, the IL continuity, transverse momentum, and energy equations.
[








Table 3.3 Viscous and Inviscid Flow Variable Downstream Behavior and Similarity Solu-
tion Representations
Viscous Layer Inviscid Layer
u ∼ O(1) u = ū(ξ, η) u ∼ x−1/2 u = C22ξ−1/2ū(ξ, η)
v ∼ x−1/4 v = C2ξ−1/4v̄(ξ, η) v ∼ x−1/4 v = C2ξ−1/4v̄(ξ, η)
p ∼ x−1/2 p = C1ξ−1/2p̄(ξ) p ∼ x−1/2 p = C22ξ−1/2p̄(ξ, η)
ρ ∼ x−1/2 ρ = CC−22 ξ−1/2ρ̄(ξ, η) ρ ∼ O(1) ρ = ρ̄(ξ, η)
T ∼ O(1) T = T̄ (ξ, η) T ∼ x−1/2 T = C22ξ−1/2T̄ (ξ, η)
H ∼ O(1) H = H̄(ξ, η) H ∼ x−1/2 H = C22ξ−1/2H̄(ξ, η)
µ ∼ O(1) µ = Cµ̄(ξ, η) ————– —————————
δ ∼ x3/4 δ = C2ξ3/4δ̄(ξ) δ ∼ x3/4 δ = C2ξ3/4δ̄(ξ)
r ∼ x3/4 r = C2ξ3/4r̄(ξ) g ∼ x3/4 g = C4ξ3/4ḡ(ξ)
[








− ρ̄v̄(C5 − 1) = 0, (3.51)
[








− 2ρ̄p̄(C5 − 1) = 0. (3.52)
The streamwise momentum equation is temporarily put aside as the other three equations don’t
rely on a solution to the streamwise velocity ū to be solved. But, the equation is used to later
determine ū after solutions for density ρ̄, pressure p̄, and transverse velocity v̄ are found.
Finally, Equations 3.53 – 3.55 are the ideal gas, total enthalpy, and linear temperature-viscosity
law in the VL, and Equations 3.56 and 3.57 are the ideal gas and total enthalpy equations in the
IL.
ρ̄T̄ = C3p̄, (3.53)
ρ̄(2H̄ − ū2) = 2γC3
γ − 1
p̄, (3.54)
µ̄ = γT̄ (3.55)
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ρ̄T̄ = p̄, (3.56)








3.3.2 Viscous Layer Coordinate Stretch and Streamfunction
Due to the scaling of the density, near the boundary layer edge in the VL the density becomes



































The final form of the equations of motion in the VL, Equations 3.60 and 3.61 are, respectively, the
streamfunction and momentum equations.
∂ψ
∂ζ
− ūδ̄ = 0, (3.60)
4ξ(δ̄ − r̄)2p̄ū∂ū
∂ξ












(2H̄ − ū2)(δ̄ − r̄)2∂p̄
∂ξ
− γ − 1
γ




Equations 3.60 and 3.61, respectively, will be used to solve for ψ and ū in the final computation,
but this still leaves the pressure p̄ and boundary layer thickness δ̄ undeterminable. To close the
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system of equations, the auxiliary pressure equation (Equation 3.62) is used to solve for pressure











































3.4.1 Linearization and the Initial Profile
To determine the flow behavior in the VL, the systems of equations (Equations 3.60 – 3.63
and Equations 3.50 – 3.52) are linearized and solved numerically using a relaxation method. Inlet
conditions are required to fully determine the VL behavior along the plate, so at the leading edge
where ξ → 0 and the equations of motion in both layers reduce to non-linear ordinary differential
equations, the two layers are matched via the pressure at the boundary layer edge.
In the VL, discretizing the length from the wall to the boundary layer edge into J points, the
flow variables are averaged with respect to the j− 12 point in the streamfunction and with respect to
the j point in the momentum equation and all derivatives are replaced with central finite difference
expressions. Then, assuming that,
ū = û+ ǔ & ψ = ψ̂ + ψ̌,
where ǔ & ψ̌ << 1 and where,
ψ1 = ψ̂j − ψ̂j−1, u1 = ûj + ûj−1,
u2 = ûj+1 − ûj−1, & u3 = ûj+1 − 2ûj + ûj−1,
Equations 3.64 and 3.65 are the linearized VL streamfunction and momentum equations at the
leading edge.




























− 8u3 −∆ζu2ψ̂j , (3.65)
The boundary conditions at the wall and the boundary layer are then, respectively,
ǔ1 = −û1, ψ̌1 = −ψ̂1, (3.66)
& ǔJ = 1− ûJ . (3.67)
The linearized equations are then represented as Ax̌ = R, where A is an (n x n) matrix and
n = 2J .

B1,4 0 0 0 0 0 0 · · · 0
0 B2,4 0 0 0 0 0 · · · 0
S3,2 S3,3 S3,4 S3,5 0 0 0 · · · 0
M4,1 0 M4,3 M4,4 M4,5 0 0 · · · 0
0 0 S5,2 S5,3 S5,4 S5,5 0 · · · 0










0 · · · 0 Sn−3,2 Sn−3,3Sn−3,4 Sn−3,5 0 0
0 · · · 0 Mn−2,1 0 Mn−2,3Mn−2,4 Mn−2,5 0
0 · · · 0 0 0 0 0 Bn−1,4 0






























Equation 3.68 shows the matrix form of the equations. To solve this system, rather than use a
linear algebra method such as an LU decomposition, for this work it is convenient to set up a faster
algebraic solving scheme to solve the system, much in the same vein as the Thomas Algorithm. For
the matrices describing the leading edge this isn’t so much of a gain, but later for the downstream
system of equation it will end up greatly increasing computational speed. For the system 3.68, the
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matrix A is represented computationally as a (n x 5) matrix, the placement of the matrix elements
in this truncated matrix given by the matrix element subscripts in 3.68. The 5th column element
in rows n−2 to 3 are eliminated by Gaussian Elimination. With the matrix now a lower triangular

















3 ≤ k ≤ n.
(3.69)
An initial guess is made for ǔ and ψ̌, such that ûj = 1 − e−2ζj and ψ̂j = ζj + 12(e
−2ζj − 1) at
each point j at the leading edge. Solving for x̌, the subsequent ǔ and ψ̌ values at each point j are
added back into the initial values of û and ψ̂. The new values of û and ψ̂ are then used in the next
iteration. After a few iterations the x̌ values will approach zero and thus ψ̂ → ψ and û→ ū. Then,
using the trapezoidal rule on the auxiliary pressure equation and noting that p̄ = 1 at the leading
edge, the constant C3 is determined in Equation 3.70.
C3 = (∆ζ)





















With the C3 constant determined the density ρ̄, temperature T̄ , viscosity µ̄, and transverse
velocity v̄ are computed algebraically from Equations 3.59 and 3.53 – 3.55. Then, inverting Equation








the similarity solutions for the flow variables in the VL are determined.
In the IL, discretizing the length from the boundary layer to the shock layer into J points, the
flow variables are averaged with respect to the j − 12 point and all derivatives are replaced with
central finite difference expressions. Then, assuming that,
v̄ = v̌ + v̂, p̄ = p̌+ p̂, ρ̄ = ρ̌+ ρ̂, & C5 = Č5 + Ĉ5,
where v̌, p̌, ρ̌, & Č5 << 1 and where,
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ρ1 = ρ̂j + ρ̂j−1, ρ2 = ρ̂j − ρ̂j−1, p1 = p̂j + p̂j−1, p2 = p̂j − p̂j−1,
v1 = v̂j + v̂j−1, v2 = v̂j − v̂j−1, η1 = η̂j + η̂j−1,
F1 = v1 − 34η1(Ĉ5 − 1)−
3
2 , & F2 =
∆η
4 (Ĉ5 − 1),
Equations 3.72 – 3.74 are the linearized IL continuity, transverse momentum, and energy equations



















η1ρ1Č5 = −F1ρ2 − ρ1v2, (3.72)
ρ1
(






ρ̌j−1 − 4p̌j−1 + ρ1
(























































F1 − 2ρ1p1F2. (3.74)





and the linearized shock wave boundary conditions, shown in Equations 3.76 – 3.78 are reduced
from their forms from Equations 3.35 – 3.38 since the leading edge is being evaluated. Equation



















− v̂J , (3.78)
The linearized equations are then put into matrix form as Ax̌ = R, where A is an (n+1 x n+1)
matrix and n = 3J .

B1,4 0 0 0 0 0 0 · · · 0
C2,3 C2,4 0 C2,6 C2,7 0 0 · · · C52
M3,2 M3,3 M3,4 M3,5 M3,6 M3,7 0 · · · C53










0 · · · Cn−4,3 Cn−4,4 0 Cn−4,6 Cn−4,7 0 C5n−4
0 · · · Mn−3,2 Mn−3,3 Mn−3,4 Mn−3,5 Mn−3,6 Mn−3,7 C5n−3
0 · · · En−2,1 En−2,2 En−2,3 En−2,4 En−2,5 En−2,6 C5n−2
0 · · · 0 0 0 0 Bn−1,4 0 0
0 · · · 0 0 0 0 0 Bn,4 C5n






























Equation 3.79 shows the matrix form of the equations. The system is then solved similar to the VL
leading edge system 3.68. Computationally, the matrix is represented as a (n+ 1 x 7) matrix, the
placement of the matrix elements in this truncated matrix given by the matrix element subscripts in
3.79. The 7th, 6th, and 5th columns are eliminated from rows n− 2 to 2 by Gaussian Elimination.
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An initial guess is made for v̂, p̂, ρ̂, and Ĉ5 such that, v̂j =
3





5ηj/(γ + 1)), ρ̂ = ηj(γ + 1)/(γ − 1), and Ĉ5 = 3/2. Solving for x̌, the subsequent v̌, p̌,
and ρ̌ values at each point j and Č5 value are added back into the initial values of v̂, p̂, ρ̂, and
Ĉ5. The new v̂, p̂, ρ̂, and Ĉ5 are then used in the next iteration. After a few iterations the x̌
values will approach zero and thus ρ̂ → ρ̄, p̂ → p̄, v̂ → v̄, & Ĉ5 → C5. The rest of the flow
variables, streamwise velocity ū, temperature T̄ , and enthalpy H̄ are determined via the streamwise
momentum equation and Equations 3.56 and 3.57.
With both layers fully determined at the leading edge, the two are matched by equating the








pIL(ξ, η) = C22 p̄(ξ, η). (3.84)











the pressure is matched at the boundary layer edge.
It should be noted that the values for the constants C1 – C5 remain unchanged across the various
cases, meaning that that the inlet conditions are always the same for a given Prandtl number and
wall enthalpy. For the current case of Pr = 1 and insulated wall, the constants are,
C1 = 0.39571139 C2 = 0.70350313
C3 = 0.19584415 C4 = 1.18994699 C5 = 1.69145941
3.4.2 Downstream and Non-Linear Sweeps
Downstream, where ξ > 0, the IL equations are dropped entirely and only the VL is fully
determined. At each step i downstream, the full non-linear partial differential continuity and
streamwise equations are linearized in a manner similar to the leading edge. The length from the
wall to the boundary layer is discretized into J points. The flow variables are averaged with respect
to the (j− 12 , i−
1
2) point in the streamfunction and the (j, i−
1
2) point in the momentum equation
and all derivatives are replaced with central finite differences. An exception is made for the pressure
derivative. To bring in the upstream influence the pressure derivative is replaced with a central
finite difference with respect to the (j, i+ 12) point. Then, assuming that,
ū = û+ ǔ, ψ = ψ̂ + ψ̌, & p̄ = p̂+ p̌,
where ǔ, ψ̌, & p̌ << 1 and where,
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u1 = ûi,j + ūi−1,j , u2 = ûi,j − ūi−1,j , u4 = ûi,j + ûi,j−1 + ūi−1,j + ūi−1,j−1,
u5 = ûi,j − ûi,j−1 + ūi−1,j − ūi−1,j−1,
u7 = ûi,j+1 − 2ûi,j + ûi,j−1 + ūi−1,j+1 − 2ūi−1,j + ûi−1,j−1,
ψ1 = ψ̂i,j + ψi−1,j , ψ2 = ψ̂i,j − ψi−1,j , ψ3 = ψ̂i,j − ψ̂i,j−1 + ψi−1,j − ψi−1,j−1,
δ1 = δ̄i + δ̄i−1, r1 = r̄i + r̄i−1, p1 = p̂i + p̄i−1, p2 = p̄i+1 − p̂i,







& pc = C1(2ξ1)
−1/2(p̄i + p̄i−1)− 1
γχ3
Equations 3.87 – 3.90 are the linearized downstream VL streamfunction, streamwise momentum,
auxiliary pressure, and tangent wedge approximation equations.

































− F 21F4(8ξ1p2 + 4∆ξp1) + F3u7, (3.88)
(ûi,1 + ūi−1,1)ǔi,1 + 2
J−1∑
j=2









































[pc(γ + 1) + 2χ
−3]1/2
+ (4− ξ1 − 3∆ξ)δ̄i−1
}/
(4ξ1 + 3∆ξ). (3.90)
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Equations 3.87 – 3.89 are represented in the matrix form Ax̌ = R, where A is a matrix with
(n+ 1) x (n+ 1) elements and n = 2J .

B1,4 0 0 0 0 0 0 · · · 0
0 B2,4 0 0 0 0 0 · · · 0
S3,2 S3,3 S3,4 S3,5 0 0 0 · · · 0
M4,1 0 M4,3 M4,4 M4,5 0 0 · · · Q4
0 0 S5,2 S5,3 S5,4 S5,5 0 · · · 0










0 · · · Sn−3,2 Sn−3,3Sn−3,4 Sn−3,5 0 0 0
0 · · · Mn−2,1 0 Mn−2,3Mn−2,4 Mn−2,5 0 Qn−2
0 · · · 0 0 0 0 Bn−1,4 0 0
0 · · · 0 0 Sn,1 Sn,2 Sn,3 Sn,4 0
































Equation 3.91 shows the matrix form of the equations. In the downstream, determining the
flow variables at each downstream point i becomes a bit more involved and will require multiple
sweeps from the leading to trailing edge. For the first sweep, at each step i, initial guesses are made
for û, ψ̂, and p̂ such that ûi,j = ūi−1,j , ψ̂i,j = ψi−1,j , and p̄i = 1 for 2 ≤ i ≤ I. The exception to
this is the value of p̄ at point I at the trailing edge where, using Equation 3.45 and the assumption
that dδ/dx→ 0 at the trailing edge, the theoretical value of p̄I = 1/(γC3χ3) is permanently set.
The matrix system 3.91 is truncated computationally similar to the leading edge, though there
is now an additional row and column vector that are treated as standalone vectors from the rest of
the matrix during computation. Using Equation 3.90, δ̄i is determined using the values from the
initial guesses. Using Gaussian Elimination the matrix elements in 3.91 in the 5th column of rows

























, x̌k = Θk − Φkx̌n+1,
(3.92)




















Subsequent values for ǔ and ψ̌ for each point j and p̌ value are added back into the initial û,
ψ̂, and p̂ values. The new values for û, ψ̂, and p̂ are then used in the next iteration, determining
first a new value for δ̄i in each iteration. After a few iteration the values of x̌ will approach zero
and thus û→ ū, ψ̂ → ψ, and p̂→ p̄ at point i. This process is repeated at each step i for 2 ≤ i ≤ I
whereupon trailing edge of the plate is reached. Once the trailing edge is reached the process is
repeated again in its entirety for each point 2 ≤ i ≤ I. In subsequent sweeps, the converged values
for ū, ψ, and p̄ from the previous sweep are, at their respective i locations, used as initial guesses
in the next sweep.
The solution in the VL is said to be converged after multiple sweep when,∣∣∣∣[p̄i]m − [p̄i]m−1∣∣∣∣→ 0
where m is the sweep number. Once the solution at all downstream points is converged, using
equations 3.59 and 3.53 – 3.55, the transverse velocity v̄, density ρ̄, temperature T̄ , and viscosity µ̄
are determined algebraically. The coordinate system is then changed back to the (ξ, η) coordinates




The results for the various wall geometries are investigated for a range of χ values, though in
a portion of the investigation the focus is narrowed to the just consider the χ = 2 case. The wall
pressure and pressure gradient of the flow is examined as well as flow profiles at the leading and
trailing edges of the deformations. Additionally, the shear stress is also examined.
4.1.1 Wall Shear Computation
The wall shear stress τw is, like transverse velocity v, density ρ, dynamic viscosity µ, and
temperature T , determined algebraically after flow solution is determined. As the wall geometry is
variable, the wall shear is determined using the 2D stress tensor τ as,




where n̂ and t̂ are, respectively, the normal and tangent unit vectors of the wall. On a flat plate
this reduces to the expected τw = µ(∂u/∂y)y=0 expression. Additionally, since the nondimension-
alization of the shear stress hasn’t been defined from a reference parameter like the other flow
variables, the base variables already defined (vertical distance εL∗, streamwise velocity U∗∞, and
dynamic viscosity µ∗∞M
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4.1.2 End Plate Concerns
Though the assumption that dδ/dx→ 0 at the trailing edge of the plate is theoretically sound,
there is an erroneous pressure drop at the trailing edge because of this condition. This boundary
condition also results in ∂u/∂y becoming very large near the plate leading to an erroneous rise
in shear stress at the trailing edge. Since upstream influence is brought in through the finite
differencing of the pressure derivative the question becomes how far the effects of the trailing edge
migrate up the plate. Two different methods are tested to determine the upstream influence length
of the trailing edge. The first is to replace the end boundary condition with dp/dx → 0 at the
trailing edge. The second is to extend the computational space such that the plate as a length
L = 1.25. Focusing on the χ = 2 case over a flat plate a comparison is made of the wall pressure
profiles against the original end plate conditions.
Figure 4.1 Wall pressure profiles over a flat plate at χ = 2 with two different end plate
conditions
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Figure 4.2 Wall pressure profiles over a flat plate at χ = 2 with two different plate lengths
Figures 4.1 and 4.2 show that the effect of the trailing edge only migrates upstream a distance
of about 10% the reference length L. We can assume then that this isn’t a major source of error
in the rest of the results, though the end plate conditions will need to be fully addressed in future
works.
4.2 Comparisons with Previous Works
In this section the analytic results given by the computational methods explained in Section 3.4
are compared with the results from the source material as well as CFD results.
4.2.1 Khorrami
Despite using the same fundamental downstream marching method used by Khorrami, A. F.
(1991) it is still appropriate to check the results attained here with the results in the literature.
The reason being is that even though Khorrami presented results for an insulated wall, the method
that was presented to attain those results would have failed. This failure would have come from the
energy equation reducing to zeros and thus placing zeros in the diagonal of the matrix presented in
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Khorrami, A. F. (1991). Using the method as presented in the literature would have resulted in
the matrix becoming singular and a solution would be impossible to obtain without changing the
method. Whatever change that was implemented isn’t present in the literature, so it’s a good idea
to compare the results with what is obtained here.
Figure 4.3 Comparisons of Analytic Boundary Layers on Flat Plate
Figure 4.4 Comparisons of Analytic Wall Pressures on Flat Plate
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Figure 4.5 Comparisons of Analytic Density Profiles on Flat Plate
Figure 4.6 Comparisons of Analytic Temperature Profiles on Flat Plate
As shown in Figures 4.3 – 4.6 the downstream behaviors of the boundary layer edge and wall





The following comparisons are made with flows over sharp cornered ramp placed at x = 0.5 on
the reference length and extend to the end of the plate. Figure 4.7 shows the ramp geometries in
question.
Figure 4.7 Ramp geometries at x = 0.5 at angles 2o − 20o in 2o increments
4.2.2.2 Boundary Layer, Wall Pressure, and Shear Stress Comparisons
In comparison to the CFD results from Shellabarger, E. (2018) there is some divergence against
the analytical results. On flat plate geometry in Figure 4.9, the wall pressure profiles show similar
overall trends, even matching near exactly for the χ = 1 case. Less agreeable are the boundary layer
edge profiles. The analytical results predict overall thicker boundary layers for their respective χ
values, as well as the boundary layer edge asymptoting to a constant thickness.
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Figure 4.8 χ case comparisons of CFD boundary layer and shock wave on flat plate
Figure 4.9 χ case comparisons of CFD wall pressure on flat plate
Further, with the presence of a compression ramp, we see the CFD and analytical results diverge
even further. The analytical results appear to be relatively insensitive to the ramp angle with only
the χ = 1 case showing any reaction to the geometry. Both the analytical and CFD results of
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the wall pressure reflect an insensitivity to the ramp angle in the higher χ cases, though the CFD
results less so. This insensitivity isn’t reflected in the boundary layer thickness where the analytical
results, though over predicting the overall thickness of the boundary layer, are seen to underpredict
the effects of the ramp angle on the boundary layer.
Figure 4.10 χ case comparisons of CFD boundary layer and shock wave on 4o compression
ramp
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Figure 4.11 χ case comparisons of CFD boundary layer and shock wave on 8o compression
ramp
Figure 4.12 χ case comparisons of CFD wall pressure on 4o compression ramp
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Figure 4.13 χ case comparisons of CFD wall pressure on 8o compression ramp
The reason for these discrepancies is likely twofold. First, is that the CFD solutions use Suther-
land’s law to predict viscosity whereas the analytical results use the Chapman Rubesin law, shown







)3/2(T ∗∞ + S∗















For a given temperature T ∗ Equation 4.4 would give a slightly larger or equivalent viscosity µ∗ than
Equation 4.3. This higher viscosity would then account for the larger boundary layer thickness for
a given χ.
The second likely reason for the discrepancy is the use of the tangent wedge approximation. As
said before, the tangent wedge approximation assumes small flow deflection after the shock. Higher
χ values would keep the flow from deflecting too much regardless of the ramp angle (so long as
the ramp angle is small) and do see in the high χ cases greater agreement of the flow solution, but
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in lower χ cases the flow is seen to not exert enough force to counter the deflection from the wall
geometry to keep the tangent wedge tenable for ramp angles much greater than 2o.
4.2.2.3 Flow Separation
Figures 4.14 – 4.18 show the pressure gradient sign change compared with separation predicted
from CFD results. Figures 4.14 and 4.15, for χ = 1 over all ramp angles, explicitly show the
pressure gradient profiles predicted analytically and the locations of separation and reattachment
predicted analytically and by CFD solution. Figures 4.16 – 4.18 then shows only the predicted
locations of separation and reattachment (both analytic and CFD) plotted against the ramp angle,
showing only the ramp angles that separation is predicted.
Figure 4.14 Pressure gradient profiles with comparisons of flow separation and reattach-
ment points for χ = 1, Ramp Angles 2o − 8o
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Figure 4.15 Pressure gradient profiles with comparisons of flow separation and reattach-
ment points for χ = 1, Ramp Angles 10o − 20o
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Figure 4.16 Comparisons of flow separation and reattachment points for χ = 1
Figure 4.17 Comparisons of flow separation and reattachment points for χ = 2
Figure 4.18 Comparisons of flow separation and reattachment points for χ = 3
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Though the locations of flow separation and reattachment only show consistent agreement for
ramp angles around 16o we do see that the predicted onset of the flow separation is promising
for higher values of χ. Likely, this agreement may be closer than appears as the work done by
Shellabarger, E. (2018) used a small amount of computational grid points in the area of the
ramp corner (not out of negligence, but because computational resources were strained by the
requirements of the leading edge), thus why a large separation region suddenly appears in the
CFD solution. With greater density of computational grid points better agreement may be seen in
predicting the onset of separation.
Though the pressure gradient shows promising agreement in predicting flow separation, other
signs of flow separation are not seen in the present work. One such sign is, where separation
occurs there is flow reversal as the flow is recirculated in that pocket of separation. Figures 4.19 –
4.21 show, much like the pressure profiles, the analytical shear stresses are insensitive to the wall
geometry when compared to CFD predictions. Where the CFD results predict the shear stress
changing signs (which is shown in the figures as the shear bowing back up as what is represented
is |τw|), the analytical results only show a marginal decrease in the shear stress. Thus, though
separation is predicted by the pressure gradient, flow reversal isn’t observed analytically.
Figure 4.19 χ case comparisons of CFD shear stress on flat plate
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Figure 4.20 χ case comparisons of CFD shear stress on 8o compression ramp
Figure 4.21 χ case comparisons of CFD shear stress on 16o compression ramp
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4.3 Wall Deformations
To investigate the effects of wall geometry on adiabatic hypersonic flow a variety of wall shapes
and configurations were used. These shapes, heights, locations, and lengths are shown in Figures
4.22 – 4.25. To summarize, the base shapes used are a semicircle and sinusoidal wavelength with
heights and lengths based off the reference length L, where L is length of the flat plate. For each of
those protrusions there are three heights: 1% L, 2.5% L, and 5% L. Each of these configurations
are then set at six locations with the length being 30% L, four locations with the length being
50% L, and one location with the length being 90% L, totally to 66 discrete wall geometries.
Figure 4.22 Profiles of semicircle and sinusoidal wall shapes
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Figure 4.23 Profiles of protrusion heights
Figure 4.24 Profiles of protrusion lengths and locations along the wall length
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Figure 4.25 Additional profiles of protrusion lengths and locations along the wall length
4.3.1 Hypersonic Interaction
The various wall geometries are implemented for increasing hypersonic interaction parameter
χ with the largest investigated value being χ = 4. The semicircle protrusion with center height
5% L, base length 30% L, and with the shapes leading edge set at x = 0.1 is used to examine how
the effects on the boundary layer flow changes with increasing χ. In Figure 4.26 the wall pressure
on the deformed wall is plotted against the flat plate profile for the range of hypersonic interaction
parameters χ = 1 − 4. The largest pressure is, as expected, seen at the leading edge and seen
to decrease proportional to x−1/2 (for the flat plate case). A sizeable increase from the flat plate
profile is seen on the upstream half of the protrusion and a decrease below the flat plate profile
is seen on the downstream half. Interestingly, these peak maximum and minimum pressures don’t
occur at the corners made by the semicircle protrusion and the flat plate but are seen to occur
adjacent to those locations on the protrusion itself.
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Figure 4.26 Comparison of wall pressure profiles for hypersonic interaction parameters
1− 4 over a semicircle protrusion.
Figure 4.27 Comparison of streamwise velocity profiles for hypersonic interaction param-
eters 1− 4 at the leading edge of a semicircle protrusion.
As was eluded to in Section 4.2.2.2, with increasing χ the flow is seen to quickly asymptote
toward it’s χ → 0 values. In Figure 4.26 pressure profiles of χ = 3&4 are nearly indistinguishable
and in Figure4.27, where vertical slices of the streamwise velocity at the leading of the protrusion
edge (x = 0.1) are plotted against the similar flat plate profiles, only the lowest χ is differentiable
from the other profiles.
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Figure 4.28 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 1 over a semicircle protrusion.
Figure 4.29 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a semicircle protrusion.
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Figure 4.30 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 3 over a semicircle protrusion.
Figure 4.31 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 4 over a semicircle protrusion.
In Figures 4.28 – 4.31 is shown the full streamwise velocity field underneath the boundary layer
edge for χ values 1− 4. We see that, along with asymptoting to a specific profile, the shape of the
boundary layer is largely insensitive to the presence of the protrusion on the wall, only showing a
little bit of divergence from the flat plate boundary layer thickness in the area of the protrusion.
4.3.2 Deformation Heights and Lengths
The effects of variable heights and lengths of the protrusions are investigated. For clarity, the
focus is turned to the χ = 2 case. Observing first the effect of increasing protrusion center height,
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in Figure 4.32 the wall pressure is plotted over a protrusion with its leading edge set at x = 0.1
with a length 30% L for all three heights. As expected, the highest protrusion shows the greatest
divergence from the flat plate. In Figure 4.33 is plotted the pressure gradient over the same wall
geometry configurations. As can be easily seen from the drastic rise in the pressure gradient at the
leading edge of the protrusion, separation is likely to occur at both leading and trailing edges of
the protrusion for the largest height and seen to just begin with the protrusion height being around
2.5% L.
Figure 4.32 Comparison of wall pressure profiles over 3 different heights of the semicircle
protrusion in hypersonic interaction χ = 2
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Figure 4.33 Comparison of pressure gradient profiles over 3 different heights of the semi-
circle protrusion in hypersonic interaction χ = 2
Observing now the effect of increasing protrusion length on the boundary layer flow, in Figure
4.34 is plotted the wall pressure over 5% L high protrusions with their leading edges set at x = 0.1
for all three lengths. As length is increased the effect on the wall pressure is seen to decrease as
disparity between the flat plate and deformed wall profile decreases with growing protrusion length.
This suggests that the local severity of the protrusion (i.e. the severity of the protrusion on the
wall at its leading edge and trailing edge) causes the larger divergence from the flat plate boundary
layer flow than its global shape.
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Figure 4.34 Comparison of wall pressure profiles over 3 different lengths of the semicircle
protrusion in hypersonic interaction χ = 2
Figure 4.35 Comparison of pressure gradient profiles over 3 different lengths of the semi-
circle protrusion in hypersonic interaction χ = 2
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Figure 4.36 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 30% L long semicircle protrusion with height 1% L.
Figure 4.37 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 30% L long semicircle protrusion with height 2.5% L
Figure 4.38 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 30% L long semicircle protrusion with height 5% L
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Figure 4.39 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 30% L long semicircle protrusion with height 5% L
Figure 4.40 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 50% L long semicircle protrusion with height 5% L
Figure 4.41 Streamwise velocity field of the boundary layer for hypersonic interaction
χ = 2 over a 90% L long semicircle protrusion with height 5% L
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4.3.3 Protrusion Shapes and Locations
Figure 4.42 shows the wall pressure profiles over a semicircle and sinusoidal protrusion, with
each protrusion having a center height of 5% L, base length of 30% L, and the leading edge of
the protrusion set at x = 0.1. Due to the sharp corner made by the semicircle and the flat
wall, the pressure rise on the semicircle is seen to be larger and occur further upstream than the
sinusoidal protrusion. Also observed, and further emphasized in Figure 4.43, is that after the initial
pressure rise the pressure on the semicircle protrusion is seen to decrease almost linearly across the
protrusion, whereas the pressure change across the sinusoidal protrusion is itself seen to follow a
sinusoidal shape.
Figure 4.42 Comparison of wall pressure profiles over semicircle and sinusoidal protrusions
with leading edge set at x = 0.1.
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Figure 4.43 Comparison of pressure gradient profiles over semicircle and sinusoidal pro-
trusions with leading edge set at x = 0.1.
This general behavior is seen echoed in boundary layer flow with the protrusions moved farther
downstream towards the trailing edge of the plate. Figures 4.44 and 4.45 show the same geometry
configurations as before, but now with the protrusion leading edge set at x = 0.6. Much of the same
behavior is seen in the pressure profiles relative to one another, but greatly reduced in comparison
to the effects caused by the protrusions at the leading edge.
Figure 4.44 Comparison of wall pressure profiles over semicircle and sinusoidal protrusions
with leading edge set at x = 0.6.
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Figure 4.45 Comparison of pressure gradient profiles over semicircle and sinusoidal pro-
trusions with leading edge set at x = 0.6.
To study further how the location of the protrusion effects the flow behavior the upstream
influence of the protrusions is investigated. Figures 4.46 – 4.49 show the upstream influence Lu
from the upstream edge of the protrusion as determined by where the pressure begins to diverge
from the flat plate case. Lu is plotted against the location of the leading edge locations for the
full range of hypersonic interaction parameters χ for all three protrusion heights. Readily seen
are many effects already commented on. The wall geometry induces greater upstream influence
on boundary layer flow at lower values of χ as well as higher and shorter protrusions inducing
the larger upstream influence for a protrusion at a given location along the reference length. The
semicircle protrusion is also seen to result in larger upstream influence lengths in all cases when
compared to the sinusoidal protrusion. Somewhat unexpected is the rise in Lu as the protrusion
position is moved farther downstream despite the pressure rise being significantly lessened at greater
downstream positions. This may be due to the force of the flow being lessened at distances further
from the leading edge resulting in overall less effects on the flow behavior but allowing said effects
to propagate further upstream. This is mostly speculative, and more work would need to be done
to confirm this.
57
Figure 4.46 Upstream influence lengths of semicircle protrusions with length 30% L for
all three protrusion heights plotted against leading protrusion edge locations
Figure 4.47 Upstream influence lengths of sinusoidal protrusions with length 30% L for
all three protrusion heights plotted against leading protrusion edge locations
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Figure 4.48 Upstream influence lengths of semicircle protrusions with length 50% L for
all three protrusion heights plotted against leading protrusion edge locations
Figure 4.49 Upstream influence lengths of sinusoidal protrusions with length 50% L for
all three protrusion heights plotted against leading protrusion edge locations
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CHAPTER 5. SUMMARY AND CONCLUSIONS
5.1 Summary
A steady, 2D laminar, hypersonic boundary layer has been analyzed over a variety of wall
geometries. Using the first order Prandtl boundary layer equations as the equations of motion, the
flow variables were non-dimensionalized using first order asymptotic representations. The similarity
solution based on the downstream behavior of the boundary layer growth was used to determine
similar solution functions of the flow variables that were implemented into the equations of motion,
allowing for a downstream marching relaxation method to be used to determine the hypersonic
boundary layer solution.
The results attained from this method were compared to CFD results for a range of hypersonic
interaction parameter χ values over flat plate and compression ramp geometries. Of particular
interest was the prediction of flow separation at the corner with fairly decent agreement being seen
with predicting the onset of separation for lower values of χ. The effects on the boundary layer
flow by various wall deformations were also investigated.
5.2 Future Works
One of the areas that this analytical method could be improved is to determine the downstream
behavior of the flow in the IL. Some work has gone into this already, but difficulties in matching
the two layers at the boundary layer have frequently arisen. Khorrami, A. F. (1991) illustrates
a method that uses the full PDE forms of the IL equations in Section 3.3 in a similar manner to
the downstream computation of the VL equations, but matching the solution two layers at the
boundary layer edge is unstable and the computation is only able to march a few steps downstream
before it breaks down completely.
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Despite this set back, the more common method of determining IL flow via the Method of
Characteristics may prove more feasible. Zucrow, M. J. and Hoffman, J. D. (1992) walk through
an incredibly straight forward method for the Method of Characteristic behind a shock wave. Some
work has been attempted in implementing their method into the non-dimensional similar solution
computational space presented here, but it proved unsuitable. Likely, though difficult to develop
and implement, a method of matching the non-dimensional similar solution VL to the dimensional
IL may be the way to bring in the inviscid flow into this work.
In addition to the IL being full brought in, this work may also be suited to including turbulent
effects, the most promising model being the Spalart-Allmaras turbulence model. Simply put, the
single equation, linear eddy viscosity model developed by Spalart, P.R. and Allmaras, S. R. (1994)
would be the most conducive to the work the has been presented. The only major change, in terms
of computation, would be the inclusion of a third equation in the matrix form of the system of
equations, as well as some additional terms in the momentum equation.
5.3 Conclusions
While showing divergent results for larger ramp angles and cases of lower hypersonic interaction
values, fair agreement with the CFD solutions was seen in overall flow profile trends for small angles
and larger χ, exhibited in Figures 4.9 and 4.8. Additionally, though some flow phenomena present
in flow separation is not predicted by the analytical model, the sign change of the pressure gradient
is shown to be a fair indicator for the onset of flow separation for cases of increasing χ. It is also
seen that over compression ramps with smaller angles the model finds decent approximations of
the locations of flow separation and reattachment. While being able to predict flow separation
moderately well using relatively a small amount of computational resources is certainly valuable,
the model’s current inadequacy in predicting other flow phenomena (such as underpredicting the
pressure rise on larger compression ramps or observing flow reversal at the ramp corner) leaves a
lot of room for improvement, some of which has been covered in the previous section.
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